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Comparing two populations

Inference about one population

So far we have been discussing inference about a parameter θ of a
single population:

I. Testing hypotheses concerning θ

II. Estimating θ

The statistical evidence was in the form of a sample from the
population.

Inference about two populations

Now, we are going to discuss how to compare two populations:

I. Testing hypotheses concerning the equality of θ1 and θ2

II. Estimating θ1 − θ2

The statistical evidence will be in the form of samples from the
two populations.
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Comparing two populations

Example (Herbal remedy for high blood pressure)

Traditional medicine claims that a certain type of herbal tea is
effective in regulating the blood pressure in adults with high blood
pressure.

To test this claim, medical researchers design a double-blind
experiment.

They would like to know:

Q1 Is the herbal tea effective in lowering the blood pressure?

Q2 If so, by how much?



Comparing two populations

Example (Herbal remedy for high blood pressure)

Traditional medicine claims that a certain type of herbal tea is
effective in regulating the blood pressure in adults with high blood
pressure.

To test this claim, medical researchers design a double-blind
experiment.

They would like to know:

Q1 Is the herbal tea effective in lowering the blood pressure?

Q2 If so, by how much?



Comparing two populations

Example (Herbal remedy for high blood pressure)

Traditional medicine claims that a certain type of herbal tea is
effective in regulating the blood pressure in adults with high blood
pressure.

To test this claim, medical researchers design a double-blind
experiment.

They would like to know:

Q1 Is the herbal tea effective in lowering the blood pressure?

Q2 If so, by how much?



Comparing two populations

Example (Herbal remedy for high blood pressure)

Traditional medicine claims that a certain type of herbal tea is
effective in regulating the blood pressure in adults with high blood
pressure.

To test this claim, medical researchers design a double-blind
experiment.

They would like to know:

Q1 Is the herbal tea effective in lowering the blood pressure?

Q2 If so, by how much?



Comparing two populations

Example (Herbal remedy for high blood pressure)

Traditional medicine claims that a certain type of herbal tea is
effective in regulating the blood pressure in adults with high blood
pressure.

To test this claim, medical researchers design a double-blind
experiment.

They would like to know:

Q1 Is the herbal tea effective in lowering the blood pressure?

Q2 If so, by how much?



Comparing two populations

Example (Herbal remedy for high blood pressure)

The experiment involves a 50 volunteers (the subjects) with
chronic high blood pressure. The researchers randomly assign the
subjects to two groups:

▶ The treatment group receive one glass of the herbal tea every
night for a whole month.

▶ The control group receive placebo for the same duration.

The researchers then measure the blood pressures of the two
groups and compare their averages x and y.

� If the average in the treatment group is “significantly” lower
than the average in the control group, then that would be an
evidence in favor of the claim of the effectiveness of the herbal
tea in lowering the blood pressure.

Q How big a difference should be considered “significant”?
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change in blood pressure “caused” by the herbal tea.

Q Can we get a confidence interval instead of a point estimate?
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Comparing two populations

Example (Chewing tobacco and heart rate)

Researchers would like to know whether chewing tobacco increases
the heart rate in adults, and if so, by how much.

To test this, they design a (non-blind) experiment:

The experiment involves 12 volunteers (the subjects). Each
subject is asked to chew tobacco for one minute. The researchers
measure the heart rate of the subjects before and after chewing
tobacco and calculate the difference.

� If the average change in the heart rates of the subjects is
“significantly” larger than 0, then that would be an evidence
in support of the claim that chewing tobacco increases heart
rate.

Q How much larger than 0 should be considered “significant”?
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Comparing two populations

Inference about two populations

In order to compare two populations, we often compare their
corresponding parameters (such as mean, proportion, standard
deviation, . . . ).
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Inference about two populations

Let θ1 and θ2 be the values of a certain parameter for two
populations.

▶ Hypothesis testing: In many examples, we need to use
statistical evidence to judge whether θ1 = θ2 or not.

Depending on the form of the alternative hypothesis, we can
have three different scenarios:

Competing hypotheses

H0 θ1 = θ2

H1 θ1 < θ2

Competing hypotheses

H0 θ1 = θ2

H1 θ1 ̸= θ2

Competing hypotheses

H0 θ1 = θ2

H1 θ1 > θ2

▶ Estimation: We may also need to estimate the difference
θ1 − θ2 (i.e., find a confidence interval for it).
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Comparing two populations

Statistical evidence
The evidence consists in a sample from population #1 and a
sample from population #2.

The two samples can either be independent or dependent.

▶ Independent samples are two independent collections:

X1,X2,X3, . . . ,Xn1 Y1,Y2,Y3, . . . ,Yn2

with no connections between them.

▶ Dependent samples are often in the form of a paired sample:

(X1,Y1), (X2,Y2), (X3,Y3), . . . , (Xn,Yn) .

Examples

In the example about “herbal remedy for blood pressure”,
the two samples are . . .
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Comparing two populations

We focus on the problems of inference about the population means
and about the population proportions in two difference
populations.

Inference about population means

The procedure depends on the answers to the following questions:

Q1 Are the samples independent or paired?

Q2 Are the samples large or small?

Q3 Are the populations (approximately) normally distributed?

Q4 Do we know the population standard deviations?

Q5 If not, are the (unknown) standard deviations the same?

Inference about population proportions

We consider the following scenario:

1 large independent samples
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Inference about population means

We consider the following scenarios:

1 independent samples, σ1 and σ2 known,

(a) normal populations (b) large samples

2 independent samples, σ1 and σ2 unknown but σ1 = σ2,

(a) normal populations (b) large samples

3 independent samples, σ1 and σ2 unknown and σ1 ̸= σ2,

(a) normal populations (b) large samples

4 paired sample,

(a) normal population of pair
differences

(b) large sample

Inference about population proportions

We consider the following scenario:

1 large independent samples
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