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Notes on

Continuum hard-core gas models

Siamak Taati*

Abstract

Here are some notes I prepared back in 2011-2012 while learning about the setting of
equilibrium statistical mechanics (in particular, hard-core gas models) in the continuum. This
was the background of a project with Roberto Ferndndez and Santiago Saglietti, in which
we (unsuccessfully) attempted to make connections between phase transitions in a continuum
model and its discretized versions. (Does the multiplicity of Gibbs measures in a continuum
model imply the multiplicity of Gibbs measures in its sufficiently fine discretized versions?) See
R. Ferndndez, P. Groisman, S. Saglietti (Reviews in Mathematical Physics, 2016) for some
related results.
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Summary

Let K be a locally compact complete separable metric space (e.g., R%). A particle configuration on
K consists of countably many particles on K with the condition that every bounded set contains no
more than a finite number of particles. We see a particle configuration £ as a a Radon measure on
K: for every measurable B C K, {(B) is the number of particles in B. (We allow multiple particles

at a single point.)
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1.1

1.2

We are interested in random particle configurations, or equivalently, probability measures on
the space of particle configurations. If X is a Radon measure on K (e.g., the Lebesgue measure if
K = R9), a Poisson random configuration on K is a random particle configuration £ such that

e for every bounded measurable subset B C K, the distribution of £(B) has a Poisson distribu-
tion with intensity A(B), and

e for every disjoint bounded measurable subsets Bi, Bs,..., B, C K, the random variables
&(B;) are independent.

A hard-core gas model is specified by conditioning a Poisson measure on a set of valid configurations.

More generally, we may have a finite set S of symbols or types, and consider particle configu-
rations in which each particle is given a type from S. This will be identified by a tuple (£*)
where each £° is an untyped particle configuration.

ses?

The Underlying Space

Let K be a locally compact separable space having a complete metric p. For example, K could be
R4 or Z¢.

Notation: for a € K and € > 0, we write N.(a) for the open ball of radius € around a. If B C K|
we write N.(B) = U, Ne(a) for the set of point that have distance less than ¢ from B.

Few facts about such a space K. By a bounded subset of K we mean a set that is included in
a compact subset of K.

i) K has a countable base of bounded neighbourhoods.

Argument. Let M C K be a countable dense set. Each a € M has a compact neighbourhood Ej.
The intersections of the interior of E, and the open balls Ny, (a) fora € M and n =1,2,... form
a countable base consisting of bounded open sets.

ii) K is o-compact (i.e., a countable union of compact sets).

iii) For every compact C' C K, there is an open D D C whose closure D is compact.

Argument. For each a € C let E, be a bounded open neighbourhood of a. Then {Eq}qecc is
an open cover of C, and has a finite sub-cover {Eq}qcs. The set J,c; Fa is open and bounded
(because it is a finite union of bounded sets), and it includes C.

Some classes of functions.
C(K) set of continuous functions f : K — R.

C.(K) set of compactly supported continuous functions f : K — R. (The support of f, denoted
by supp(f) is the smallest closed set C' with f(a) = 0 for every a ¢ C)

Co(K) set of continuous functions f : K — R that vanish at infinity (i.e., {a : |f(a)| > €} is
compact for every € > 0).

BC(K) set of bounded continuous functions f : K — R.
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1.4

The default topology on each of these is the topology of the uniform norm. We have

C.(K) C C.(K) = C,(K) € BC(K) C C(K) .

Separability of C.(K). The set C.(K) has a countable dense subset.

Argument. This is well-known to be true if K is compact: it follows from the Stone-Weierstrass theorem
(e.g., Theorem 44.5 of [16]) and the separability of K. If K is not compact, let Uy C Uz C -+ be bounded
open sets with K = (J,~; U; (see 1.1). For each i, choose a countable dense subset D; of continuous

functions whose support is included in U;. Then, | J;~ D; is a countable dense subset of C¢(K).

Moreover, every dense F(K) C C.(K) has a countable dense subset.

Argument. Since separable and metric, C¢(K) has a countable base %. From each B € %, pick a €
BN F(K).

Let us say that a set F'(K) C C.(K) is properly dense if for each f € C.(K) and every € > 0 there
is g € F(K) such that ||f — g|]| < € and supp(g) C supp(f), and furthermore, the function g can
be chosen to be non-negative if f is non-negative. There exist a countable properly dense subset

of C.(K).

Argument. Let = {Bo, B1, ...} be a countable base of K such that B; are compact (see 1.1). For each
finite I C N, let By £ Uie] B; and choose a countable dense subset F; of continuous functions supported

at By. Set FF £ U rcw Fr. We claim that FF £ {g,|g| : g € F} is properly dense.
finite
Let f € Cc(K) and € > 0. Let Ac 2 {a € K: |f(a)| > &/2}. Then, A is included in the interior of
supp(f). For every x € A., there is k such that * € By C supp(f). By compactness, there is a finite
index set I C N such that Ac C By C supp(f). Let he : K — [0, 1] be a continuous function with

he(a) 1 ifae€ A,
a) =
N 0 ifa¢ By

(Such a function exists by Urysohn’s lemma.) Choose g- € Fy with ||ge — fhe|| < /2. Then, supp(ge)

supp(f) and [|ge — f[| <e.
Furthermore, if f is non-negative, we also have supp(|ge|) = supp(ge) C supp(f) and |||ge| — f||

llge — fIl <e.

N

A

Approximating sets by functions. Every compact set (resp., bounded open set) is a pointwise
monotone limit of elements of C,(K):

e For every compact set V C K, there is a decreasing sequence g1, ga,... € C.(K) such that
gn \¢ 1y pointwise.
Argument. Let A1, Aa,... C K be a sequence of open sets with compact closure such that A, O

Ay for every n, and N, An = V. (Simply, let A DO V be a bounded open set (see 1.1), and set

Ap 2 AN Ny/n(V), where Ny, (V) is the set of points within distance less than 1/n from V'.) By
Urysohn’s lemma, there are continuous functions g, : K — [0, 1] such that

)1 ifaEZn+1,
9“(“){0 ifad A

Then, gn > gn+1 and gn(a) = 1y (a) for every a ¢ A, \ V.

e For every bounded open set U C K, there is an increasing sequence hy, ha, ... € C.(K) such
that h, 1y pointwise.



The first approximation above remains valid if we require the approximating functions to be
chosen from a properly dense subset (see 1.3). Let F(K) be a properly dense subset of C.(K).
For every compact V' C K, there is a decreasing sequence hy, ho,... € F(K) such that h, N\, 1y
pointwise.

r Argument. As before, let Ay, Az,... C K be a sequence of open sets with compact closure such that
Ay, D Apyq for every n, and N,, An = V. For each n, let g, : K — [0,1427"] be a continuous function,
provided by Urysohn’s lemma, such that

142" ifa€ Apgn,
gn(a) = .
0 ifad An
L Choose hy, € F(K) such that hy, > 0, supp(hy) C supp(gn) and ||gn — hn|| < 27772

1.5 The Borel g-algebra on K. Let & C 2K be the class of Borel-measurable bounded subsets of
K. Then, & is a ring (i.e., & € &, and A, B € & implies AU B, A\ B € &). In particular,

EL{AK\A:Ac &)

is an algebra (i.e., & € éBA, and A, B € & implies K\ A,AUB,ANB € é"A) Since K has a countable
base of bounded sets, the family & generates the Borel o-algebra on K.

By Carathéodory’s extension theorem (e.g., Theorem 3.1.4 of [2]), every countably additive
function p : & — [0, co] with (@) = 0 extends to a Borel measure. Furthermore, if 1 is finite on &,
the extension is unique.

If K = R% we could also work with the ring generated by half-open half-closed hypercubes
[a1,b1) X [ag,b2) X -+ X [ag,bq) for a;,b; € R. The collection of such hypercubes forms a semi-
ring &, (ie., @ € &, and A,B € &, implies ANB € &, and A\ B = |J;_, C; for some disjoint
C1,Cs,...,C, € &) and generates the Borel o-algebra on R?. A similar extension property for
countably additive functions on &, holds.

1.6 Radon measures on K. A Radon measure on K is a Borel measure p with 4(C) < oo for every
compact set C' C K. Every Radon measure is uniquely determined by its values on bounded sets
(see 1.5).

We call a Borel measure p on K regular if

w(E) =inf{u(U) : open U D E}
= sup{u(V) : compact V C E} .

Note the difference with the other common definition of regularity in which V' (in the second
equality) is only required to be closed.

Every Radon measure on K is regular (e.g., Theorem 7.8 of [4]). This follows from Ulam’s
theorem (Theorem 7.1.4 of [2]), which states that every finite Borel measure on a complete separable
metric space is regular.

1.7 Particle configurations on K. A particle configuration on K is a Radon measure £ such that

&(B) € N for every bounded measurable B C K.
Let @ C K be a countable set such that for every compact C C K, the set Q@ N C' is finite. Let
n:Q — N\ {0}. Then, ¢ = > acq (@), is a particle configuration on K.
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Conversely, let & be a particle configuration on K. For each a € K, define n(a) = ¢({a}), and
set Q = {a :n(a) > 0}. For every compact C' C K, we have |Q N C| < £(C) < co. This also implies
that @ is countable, because K is a countable union of compact sets. We have £ = ZGEQ n(a)dq.

Argument. Let B C K be a bounded measurable set. Then, £(B) > >-,conp §({a}) = 20 ,cq n(a)da(B).
It £(B) > X oecqnp £{a}), by regularity of £, there is a compact set Co C B\ @ such that £(Co) > 1.
Let Ay, As,..., Am be an open cover of Cg with balls with diameter at most 2~ 1. Then, there must be 4
such that £(A; N Co) > 1. By regularity, there is a compact set C1 C A; N Cp with £(C1) > 1. Similarly,
we can find a chain Cp O C; O C2 O --- of compact sets such that C), has diameter at most 2™ and
&(Crn) > 1. The intersection (,, Cp contains a single point = with £({z}) > 1, contradicting the fact that
ConQ@=2.

We call £ =3, n(a)d, the standard representation of ¢.

Radon measures as linear functionals. FEvery compactly supported continuous function f :
K — R is integrable with respect to any Radon measure on K. Note, however, that an element of
C5(K) could be non-integrable with respect to a non-finite Radon measure.

Each Radon measure p on K defines a positive linear functional f — u(f) = [ fdp on C.(K).
Moreover, p is uniquely determined by this functional.

Argument. Let p and p’ be two Radon measures that agree on Cc(K). Since & (the ring of bounded
measurable subsets of K) generates the Borel o-algebra, it is enough to verify that u(B) = p/(B) for each
Beé.

Let B € & Let D DO B be an open set such that D is compact (see 1.1). Let ¢ > 0. By the
regularity of p and p’, there is a compact set V' C B and an open set U D B with U C D wuch that
w(U\ V), (U\V) <e/2. By Urysohn’s lemma, there is a continuous function f; : K — [0, 1] with

1 ifaeV,
fela) = {o ifagU.
Since U is compact, fe € Cc(K). We have
w(B) —e/2 < p(V) < p(fe) <p(U) < p(B) +¢e/2,
W(B) — /2 < W (V) < p'(fe) < 1/(U) < i/ (B) + /2,
which imply |u(B) — p/(B)| < €. Since € > 0 was chosen arbitrarily, we find that u(B) = u/(B).

Conversely, according to the Riesz representation theorem (e.g., Theorem 7.2 of [4]) every positive
linear function J : C.(K) — R identifies a Radon measure p on K with u(f) = J(f) for every

f € Ce(K).
Space of Radon Measures

Let M[K] denote the set of Radon measures on K. When K is clear from the context, we may also
use a shorter name M instead of M[K]. The vague topology on M[K] is the weakest topology that

makes all the observations p + u(f) for f € C.(K) continuous. In particular, p; — u (u; converges
vaguely to p) if and only if u;(f) — u(f) for every f € C.(K).
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2.2

2.3

A base for the vague topology. By definition, the sets

U, fre) ={v = |n(f) = v} <e} (11)

for p € MIK], f € C.(K) and € > 0 form a sub-base (i.e., generating set) for the vague topology
on MJ[K]. Therefore, the family of finite intersections

n

u(u7f17f27"'7fn7€):mu(uﬂfi7€) (12)

i=1

for p € MIK], f; € C.(K) and € > 0 is a base for the vague topology.

Set measurements.

e If V C K is compact, the mapping p — u(V) is upper semi-continuous (i.e., for every R > 0,
the set {u: (V) < R} is open).

Argument. There is a decreasing sequence g1, g2, . . . € Cc(K) such that g, N\ 1y pointwise (see 1.4).
By monotone continuity, for each u € M[K], we have p(gn) N\ u(V). We have

{p:p(V) <R}y = J{n:n(g.) < R}. (13)

e If U C K is open and bounded, the mapping p — p(U) is lower semi-continuous (i.e., for
every R > 0, the set {u: n(U) > R} is open).

e If B C K is bounded and measurable, the mapping p — p(B) is continuous at each point
v € M[K] with v(0B) = 0.

Argument. For every € > 0, the set

AL w(B) < v(B) + e} 0 {u: w(B) > v(B) — e} (14)
is open and contains v. Furthermore, for every u € A, it holds |u(B) — v(B)| < e.
A measurable set B C K is called a continuity set of a Radon measure v if v(0B) = 0. If A and B

are continuity sets of a Radon measure v, so are AN B, AU B and K\ A.

Criteria for vague convergence. Let p, 1, us,... be Radon measures on K. The following
conditions are equivalent (e.g., Theorem A 7.2 of [8]):

i) pin ~— p (pyn vaguely converges to ),
ii) pn(B) — u(B) for every bounded measurable B C K with u(9B) = 0,

iil) lim sup p, (V) < (V) and lim inf p,, (U) > w(U) for every compact V' C K and every bounded
open U C K.
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MIK] is separable. The elements of M[K] having compact support are dense.
Argument. Let U(u, f1, f2,- .., fa,€) be a neighbourhood. Set A = JI_; supp(f;) and f(-) £ p(-N A).

For a compact set C C K, let M[K|C] denote the set of Radon measures whose supports are
included in C. If R > 0, let MSE[K|C] be the set of 4 € M[K|C] with u(C) < R. The space
M=ER[K|C] is compact. We have M[K|C] = J;—, M=S"[K|C]. Therefore, M[K|C] is locally
compact and o-compact.

Let C; C Cy C --- be a sequence of compact sets with U;’il C; = K. Then, for every R > 0
and i > 1, the set M=E[K|C;] has a countable dense set, because it is a compact metrizable space.
Furthermore, |J;=, Us>, M=S"[K| C] is dense in M[K]. Therefore, M[K] has a countable dense set.

A particular countable dense set can be constructed as follows. Let D C K be a countable
dense set. Then, the positive rational linear combinations of Dirac measures d, for a € D are dense

in M[K].

Argument. This is well-known to be true when restricted to M<E[K|C], where R > 0 and C C K
compact.

Countable generation of vague topology. We want to show that there is a countable set
F(K) C C.(K) such that the vague topology is generated by the mappings p — p(g), for g € F(K).
We show that a countable properly dense subset F(K) C C.(K) would do (see 1.3).

Let F(K) be a properly dense subset of C.(K). Let .7 denote the weakest topology on M[K]
that makes all the projections p +— p(g) continuous for all g € F(K).

For every compact set V' C K and every R > 0, the set {y : u(V) < R} is open with respect
to .

Argument. This is similar to the vague topology (see 2.2). Let hi,hs,... be a decreasing sequence in
F(K) such that hn, N\ 1y (see 1.4). By monotone continuity, for each p € M[K], we have pu(hn) \y (V).
We have

{n: n(V) < R} = J{u(hn) < R} .

The topology 7 coincides with the vague topology. Namely, for every f € C.(K), the mapping
w— p(f) is continuous with respect to 7.

Argument. Let po € MIK] and € > 0. We find a J-open set U C M[K] with pg € U such that
() — o()] < = for every € U.

Let V £ supp(f). Choose R > 0 with uo(V) < R, and g. € F(K) with supp(ge) C V and ||g- — f|| <
€/(3R). Set
U= {p:|pge) — polge)l <e/3y N {p: u(V) < R}
This is open with respect to 7. By construction, puo € U. For u € U we have
[1(f) = o (N < |r(f) = 1(ge)l + [1(ge) — po(ge)| + 1ro(ge) — ro(f)l
<If—gell R+e/3+|If =gl R
<e.

(15)
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2.7

The vague topology on M([K] is metric. (e.g., Section A 7.7 of [8]) Let g1, g2, . . . be a properly
dense sequence in C,(K) (see 1.3). The vague topology is the weakest topology that makes all the
mappings p — p(gr), for k =1,2,.. ., continuous (see 2.5).

prlpv) 2327 (1 _ ef\mk)fu(gk)\)
k=1

is a metric on M[K] that generates the vague topology.

Criterion for vague compactness. Let R : C.(K) — R2? be given. The set
Qn 2 {ue MIK]: [u(f)] < R(J) for all f € C.(K)}
is compact.

Proof. Let u1, p2, ... be a sequence in Qr. We want to show that it has a converging subsequence.

Pick a countable properly dense set F'(K) of C.(K) (see 1.3). Let g1, ¢a,... be an enumeration
of the elements of F'(K). Since {un(g1)}r is bounded by R(g1), there is a subsequence {n(1,4)}; of
{n},, such that the limit i(g1) £ lim; o0 fn(1,:)(91) exists and is bounded by R(g1). Inductively, for
each k > 1, since {1, (gx) }n is bounded by R(gx), there is a subsequence {n(k,¢)}; of {n(k—1,4)};
such that the limit fi(gg) £ lim;_s oo Hn(k,i)(gr) exists and is bounded by R(gx).

Then, for each k, the diagonal subsequence {n(i,:)}; is eventually a subsequence of {n(k,)};.
Therefore, fi(g) = lim; o0 ftn(i,i)(9) < R(g) for each g € F(K). We claim that for f € C.(K), the
limit fi(f) £ limi—ec fin(i,i)(f) exists and is bounded by R(f).

Argument. Let € > 0 and V £ supp(f). Pick h € F(K) with h > 1y (existence follows e.g. using 1.4).
Then, u(V) < p(h) < R(h) for all p € Qr. Pick g. € F(K) with || f — ge|| < e/R(h) and supp(ge) C V.
Then, for all p € Qr we have |u(f) — p(ge)l < If — gell p(V) <e.

Therefore, {11, (;,4)(f)}: is e-close to the convergent sequence {fy,(;,5)(ge)}i- Since this is true for every
€ > 0, we obtain that {g,(; +)(f)}: is Cauchy, hence convergent.

The limit i(f) £ lim;_sco fin(s,5)(f) is clearly bounded by R(f).

The mapping i : C.(K) — R is positive linear. Therefore, by Riesz’s theorem, it defines a Radon
measure (see 1.8). O

If F(K) is a properly dense subset of C.(K) (see 1.3), for every R : F(K) — R=2%, the set
Q& {1 € MIK]: [u(f)] < R(f) for all f € F(K)}

is also compact.

Argument. We find R’ : Cc(K) — R2 such that Q) = Qpr.

For each g € F(K), set R'(g) £ R(g). Let f € Co(K) and V 2 supp(f). Pick h € F(K) with h > 1y
(existence follows e.g. using 1.4). Then, pu(V) < p(h) < R(h) for all p € Qp.

Pick an arbitrary ¢ > 0. Choose g € F(K) with supp(g) C V such that ||g — f|| < e. Then,
[u(f) — 1)l < If — gl u(V) < eR(R). Set R(f) = R(g) +eR(h).

Let D C M[K]. Then D has compact closure if and only if for every bounded B C K (or for
every compact B C K) it holds sup{u(B) : p € D} < oo (e.g., Theorem A 7.5 in [8]).

(20)

(21)



2.8

3.1

3.2

Argument. First, suppose that {u(B) : p € D} is not bounded. We can assume that B is compact, for

otherwise B has the same property. Choose 1, 42, ... € D such that pn(B) S oo. If ng < mo < --- is
any subsequence, we have p,,;(B) /* co. Therefore, {{in}n has no converging subsequence (see 2.3), and
hence the closure of D is not compact.

Next suppose that for every compact B C K, we have Ro(B) = sup{u(B) : p € D} < co. Then for

every f € Ce(K), if we let R(f) £ || f|| Ro (supp(f)), we have u(f) < || fl u(supp(f)) < R(f). Therefore,
D C Qg. Since Qp is compact, we conclude that the closure of D is also compact.

The vague topology on M[K] has a complete metric. Let ppq be the metric defined in 2.6.
Let p1, fia,... be a sequence in C.(K) that is Cauchy with respect to parq. Then, for each k, the
sequence i1 (gx), 12(gr), - - - is Cauchy, hence bounded. Set R(gx) = sup,, |ttn(gx)|- Then, {un},, lies
in the set

r = (o)l < Rigr) for k=1,2,...}

which is compact (see 2.7).

Space of Particle Configurations

Let N[K] denote the set of particle configurations on K (see 1.7). When K is clear from the context,
we may also use a shorter name N instead of N[K].

Notation: if ¢ is a particle configuration and C' C K a measurable set, let us write o = £(-NC).
This is seen as the restriction of the configuration £ to C, or the projection of £ on C.

NK] is vaguely closed in M[K]. (Proposition 2.2 in [7] or Proposition A 7.4 in [8])

Relative vague topology. Two remarks:

e If V C Kis compact and n € N, the set

{€:6(V)<np={¢:&(V) <n+1}
is relatively open in N[K].

e If U C K is open and bounded, and n € N, the set

{¢:6U) 2 n} ={£:¢(U) >n+1}
is relatively open in NK].

The relative vague topology on N[K] has an intuitive description (see Appendix B of [6]):
roughly, two particle configurations £ and £ are close to each other if there is a large compact set
C C K and a small € > 0 such that the particles of £ and the particles of £ that are in C can
be paired in such a way that the paired particles have distance less than e from each other. (The
particles close to the boundary of C are allowed to be paired with those that are outside.) This is
similar to Section 11.6 of [2].

If £,¢ € N[K], let us write £ < £ if £(B) < ¢'(B) for every bounded set B C K. Equivalently,
if & =3 conla)d, and &' =3 o n'(a)d, are the standard representations of { and &' (see 1.7),

(24)

(25)



then ¢ < ¢ if and only if Q@ C Q' and n(a) < n'(a) for every a € Q. Yet another description is
that ¢ < ¢’ if and only if there exists £’ € N[K] such that £ = £ + ¢”. Clearly, the relation < is a
partial order on N[K].

 If¢,¢ € NK] and € > 0, let us write § <. ¢ if there exists € € N[K x K] with marginals
&1 =£&(- xK) and & = (K x -) such that

a) & =¢and & < ¢, and

b) €= 2 (ab)ed M@, b)d(q,p) (the standard representation, see 1.7) where p(a,b) < e. (Recall: p is
the metric on K.)

In words, £ <. & means that there is a matching between particles in & and particles in & that
covers all the particles in £, and such that the matched particles have distance less than . Let us
call a matching of particles in & and & an e-matching if every two matched particles have distance
less than e.

Let £ = > ,cqn(a)dq be the standard representation of § (see 1.7). It follows from Hall’s
marriage theorem (e.g., Section 5 of [11]) that £ <. & if and only if £(I) < &' (N.(I)) for every finite
I C Q (recall: N.(I) is the set of points with distance less than e from I). The latter condition, in
turn, is satisfied if and only if {(B) < ¢’ (N.(B)) for every compact set B C K.

Let & be a particle configuration, C' C K a compact set, and £ > 0, and assume that N.(C) is
bounded. (The last condition is automatically satisfied if K = R?.) Define the cylinder set

[6]0,6 £ {6/ : EC Ss 5/ and glc Ss g} .

Note that, if there is an e-matching of £ and £’ that covers the particles of £¢, and an e-matching
of £ and &' that covers the particles of £, then there is also an e-matching of £ and £’ that covers
the particles of both £ and &;,. Therefore, the cylinder [¢]c . is simply the set of configurations &’
for which there exists an e-matching of £ and &’ that covers the particles of both ¢ and &.

Each cylinder set is open in the (relative) vague topology.

Argument. We have

[Eloe = €& NElc.. »
where
€&, ={¢ éc < €'},
€. ={¢ ec <€} -
Let £ = 3-,cq n(a)da be the standard representation of £ (see 1.7). By Hall’s theorem (see above), the

set [5]35 can be written as

[5]56 ={¢ forall ICQNC, ¢ (N(I)) > )}
= ) {¢:¢ WD) =&} .

cNCc
finite
Since N¢(I) is open, and @ N C is finite, we find that [f]g . is open.
For two particle configurations n and 7, let us write n ~: ' if n <. ' and n’ <. n. If n = n’, there
is a perfect e-matching between the particles of n and 7’ (i.e., an e-matching that covers the particles of
n and n').
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The set [£]- . can be written as

[€lg. = {5’ : there exists £ < &y, (¢ such that € ~e &6 } '

The inclusion D is clear. For C, simply take an e-matching of £ and &’ that covers £, and remove all the

unmatched particles in £ to obtain é
The latter, in turn, can be written as

{ , there exists & < En.(c) and 0 < § < € such that
&' .

SER ¢ (W(0)) <€) and € <c &y 0

s

To see the inclusion C, let £’ € [{]5 .. Choose § > 0 small enough so that &’ (N(g(C) \ C) = 0. (Note
that any particle in §ﬁ<\c has positive distance from C, and ¢’ is locally finite.) Pick an e-matching of &’
and £ that covers {’C. Let é be the configuration consisting of the matched particles of .

To see the inverse inclusion D, take an e-matching of é and §§\,§(C) that covers é and such that
¢ (N5(C’)) < é(]K) This is a perfect matching. Removing the particles in € that are matched with

/ : : £ 3 : : /

£W\C, we obtain a configuration {’ < § < {n_(c) that has a perfect e-matching with .

Finally, exploiting Hall’s theorem again, we can rewrite the last expression for [{] _ as

o {g:¢ (M) <ém} n
[ﬂ(’vf}g&{mo<9<e {¢:v1ca, ¢Wannns©) =D}

where Q is the support of €. Note that @ is finite. Since Ny(C) is compact and N¢(I) N Ns(C) is open,
we obtain that [£] . is open.

The cylinder sets form a base for the (relative) vague topology on N[K].

Argument. Let £ be a particle configuration. Let fi, f2,..., fn € Cc(K), and € > 0. We need to show
that the open neighbourhood U(E, f1, f2,. .., fn,€) D & (see 2.1) contains a cylinder around &.
Let C be a compact neighbourhood of [ JI*_; supp(f;) and pick o > 0 such that C' 2O N (Ul supp(fi)).
Let m £ £(C).
Since f; are compactly supported, they are uniformly continuous. Pick 0 < § < a such that for every
a,b € K with p(a,b) < §, and each i, it holds |f;(a) — fi(b)] < £/m. We claim that
n

[Elc,s CUE, fr, fa,. oy frrg) = [UE fire) -
i=1
Let ¢ € [€]c,5. Then, there is a 6-matching of £ and &’ that covers the particles in supp(f;). For each
pair a ~ b of matched particles we have |f;(a) — fi(b)| < €¢/m. There are in total, at most m pairs a ~ b
with either a € supp(f;) or b € supp(f;). Therefore, |£(f;) — &' (fi)| <m xe/m =e.

If €] and [¢]cr. are cylinders, and C C C" and € > ¢, then []ce 2 [€]cr,e. The vague
topology on N[K], in fact, has a countable base of cylinders.

3.3 Sharp cylinders. Let K = R%.
Let € be a particle configuration, C' a compact set, and € > 0. Let £ = ZaeQ n(a)d, be the
standard representation of £ (see 1.7). Let us say that the cylinder [£]¢ . is sharp, if

i) inf{p(a,b) : a,b € QN C,a # b} > 2¢ (i.e., there exists a; > 2e such that every two particles
that are not on the same position have distance at least «; from each other), and

ii) inf{p(a,0C) : a € Q} > ¢ (i.e., there exists s > ¢ such that each a € @ has distance at least
ag from the boundary of C).
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3.4

4.1

Every cylinder [¢]¢,c around & contains a a sharp cylinder [€]¢ o around &.

Argument. Let D O C be a compact neighbourhood of C. Then, Q N (D \ C) is finite. Therefore, C' and

QN (D \ C) have positive distance § from each other. Set C’ £ Ng,5(C). Then, each particle of £ has
distance at least /2 from 8C".

Next, let v £ inf{p(a,b) : a,b € QN C’,a # b}. Since ¢ has only finitely many particles in C’, v is
strictly positive.

Set ¢/ £ min{d/3,v/3,¢}.

Therefore, sharp cylinders form a base for the vague topology on NM[K]. Moreover, there is a

countable base that consists of sharp cylinders.

Continuous functions on N[K].

Probability Measures on Particle Configurations

Borel c-algebra on M[K]. The following o-algebras on M[K] coincide (Lemmas 1.4 and 4.1
in [8]).

F1 the o-algebra generated by u — p(B) for B € &.
(Recall: & denotes the family of bounded measurable subsets of K.)

F5 the o-algebra generated by p+— p(f) for f € C.(K).
F3 the Borel o-algebra for the vague topology.

Proof.

(%5 C F#3) Continuous functions are Borel-measurable.

(%5 C F5) Since the vague topology is second countable (it is separable and metric; see 2.4 and 2.6),
every open set is a countable union of finite intersections of sets of the form U (i, f,€) £
{v:|v(f) — p(f)| <e} for f € C.(K). Therefore, any vaguely open set is in .Fs.

(F2 C ) If fis a simple function (i.e, it has the form f ="  a;1p, for B; € & and a; > 0),
then p — p(f) is F1-measurable. If f > 0, then f is a monotone limit of simple
functions, and by the monotone continuity of the measures, we have that p — p(f) is

a pointwise limit of measurable functions, hence measurable. For arbitrary f € C.(K),
let f*(a) £ max{f(a),0} and f~ £ max{—f(a),0}.

(1 C %) If B is compact, there is a decreasing sequence fi, fo,... € C.(K) such that f; \ 15
(see 1.4). By monotone continuity of the measures, u(f;) \, u(B), for each p € M[K].
Hence, 1 — p(B) is a pointwise limit of .#3-measurable functions.

Now, if C' C K is a fixed compact set, the family
% 2 {B C K measurable : 11— (BN C) is Fy-measurable}
is a o-algebra, containing the closed sets, and therefore, coincides with the Borel o-

algebra on K.

12



4.2

To see the latter claim, first note that % is closed under monotone limits. (That is,
if Ay C Ay C -+ are in A, so is U; 4i, and if A7 D A5 D --- arein B, 50 is N: 4;.)
We show that % contains an algebra that contains all the closed sets. If so, by the
monotone class lemma (e.g., Theorem 4.4.2 of [2] or Lemma 2.35 of [4]), % contains
the Borel o-algebra.

Let
o 2{UNV :U CKopen, VCK closed} .

Then, & is a semi-algebra (i.e., @ € &, and E,F € & implies ENF € & and
K\ E = U, H; for some disjoint Hy, Ho,...,H, € &) containing the closed sets.
Moreover, & is included in #. (U NV can be written as V' \ (V \ U). Therefore,
pNVNC)=pVnC)—p((V\U)NC).) The algebra generated by </ has the
required property. O

We will denote the Borel o-algebra on M[K] by .#. The o-algebra . is separable (i.e., generated
by a countable family).

Argument. The vague topology is separable and metric (see 2.4 and 2.6), hence has a countable base.

Consequently, there is a countable algebra ./ that generates .#.

Argument. The algebra generated by a countable generating family is itself countable.

By the monotone class lemma (Theorem 4.4.2 of [2] or Lemma 2.35 of [4]), every two probability
measures that agree on & are equal.

Restricted o-algebras on M[K]. For a measurable A C K, we write .#[A] for the o-algebra
on M[K] generated by the mappings p — u(B) for bounded measurable B C A. This is the sub-
o-algebra of events occurring in A: it consists of all events U € % such that for each p € M[K],
whether o € U depends only on the projection pia.

If 1 € M[K], the projection uy can also be seen as an element of MJ[A], the space of particle
configurations on A. The Borel o-algebra on M[A] induces a o-algebra on M[K] via the mapping
p— pia. This o-algebra coincides with .F#[A].

Argument. If B C A and I C R are measurable, then

{n:pa(B) € Iy = {u: u(B) € T} .

Let A, A C K be measurable, and ANA = &. The collection of events of the form &NEy C MIK],
where & € F[A], & € F[A], and ANA = &, constitute a semi-algebra that generates the o-algebra
FIANA]

Argument. Let us denote the collection of such sets by .. The fact that .# is a semi-algebra (i.e., & € .7,

and A,B € . implies ANB € ¥ and M[K] \ A = |J; C; for some disjoint C1,Ca,...,Cn € .¥) and is
included in Z[A N A] is easy to verify. It remains to verify that . generates .Z[A N A].
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4.3

4.4

For every bounded measurable set C C AU A and every interval (a,b) C R we have
{w:p(C) € (a,b)}

= U (mes@nde@—ertolninmCnd) ey —cyte)),
z,y,e€Q ,e>0
z+y€(at2e,b—2¢)

which is measurable w.r.t. the o-algebra generated by ..

In other words, M[AU A] with o-algebra .#[A U A] is measure-theoretically isomorphic to M[A] x

MJA] with the product o-algebra F#[A] ® Z[A] via the mapping puaua — (a, pa) (Lemma 6.1

of [14]). In particular, for every measurable A C K, M[A] x M[K\ A] is isomorphic to M[K].
The intersection 7 £ (), -Z[K\ A] is the tail o-algebra.

Almost surely continuous projections. The projections £ — pa (for measurable A C K)
are not continuous. In particular, although N[A] x N[K \ A] and N[K] are measure-theoretically
isomorphic (see 4.2), they are not homeomorphic (taking limit, particles approaching the boundary
of A may fall in or off A). This will cause some trouble when working with specifications and Gibbs
measures.

However, the projection £ — &, is continuous at any configuration 7 that has no particle on the
boundary of A (i.e., n(0A) = 0).

Argument. Let [na]c,e be a cylinder around na in N[A].

Let n =3 ,cq n(a)da be the standard representation of n (see 1.7). Let do £ inf{p(a,d(ANC)) : a € Q}
be the minimum distance of the particle of n from the boundary of ANC'.

Choose ¢ < min{e,do}. Then, the d-ball around each particle a € Q is either completely inside AN C
or completely outside A N C. Therefore, the projection & — &5 maps the cylinder [n]c s into [na]c,e-

Let 7 be a probability measure on N[K], and let A C K be such that w{¢ : £(OA) # 0} = 0.
Then, the projection £ — &, is m-almost surely continuous. For example, if A is a Radon measure
on K = R? that is absolutely continuous w.r.t. the Lebesgue measure, and if A C K is such that A
has Lebesgue measure 0, then the projection & — &, is almost surely continuous w.r.t. the Poisson

measure 7.

How to specify a probability measure on M[K]. By Ulam’s theorem (Theorem 7.1.4 of [2]),
every probability measure 7 on the complete separable metric space M[K] is regular; that is,

m(€) = sup{m(C) : compact C C £}

for every measurable &€ C M[K]. In particular, 7 is uniquely determined by the probabilities it
associates to compact events. If £ C M[K] is a measurable set and § > 0, there exist compact
sets C5,Ds € MIK] with Cs5 C € and Ds N € = @ such that 7(Cs UDs) > 1 — 6. Since Cs5 and
Ds are disjoint, they have a positive distance from each other, and by Urysohn’s lemma, there is
a continuous function ®5 : M[K] — [0, 1] such that ®5(¢) = 1 for each £ € Cs, and ®5(§) = 0 for
every £ € Ds. Clearly, m(®s5) — 7(€) as 6 — 0. Therefore, 7 is also uniquely determined by the
expected value it assigns to bounded continuous functions.

The distribution of a random element p of M[K] can also be specified by either of the following
data (Theorem 3.1 of [8]):

e The finite-dimensional joint distributions of u(B) for B € &.
(Recall: & denotes the family of bounded subsets of K.)

14



e The distribution of p(f) for each f € C.(K).
For each B € & and each measurable I C R, define the event
Epr = {pe MK]:u(B)el} . (41)
Then, the family .# of the sets of the form
EpiyNEpy 1, N---NEB, .1, (42)

is a semi-algebra that generates the Borel o-algebra on M[K] (see 4.1). Therefore, by Carathéodory’s
extension theorem (e.g., Theorem 3.1.4 of [2] or Theorem 1.14 of [4]), any Borel probability measure
on M[K] is uniquely determined by the probabilities it assigns to the elements of .. Moreover,
every countably additive function 7 : & — [0,00) with 7(&) = 0 and 7(M[K]) = 1 extends to a
(unique) Borel probability measure.

For each f € C.(K) and each measurable I C R, define the event

Err={ne MK : u(f)el} . (43)
Then, the family ./ of the sets of the form
Epon NEp, N--NEf, 1, (44)

is a semi-algebra that generates the Borel o-algebra on M[K] (see 4.1). Therefore, by Carathéodory’s
extension theorem, any Borel probability measure on MK] is uniquely determined by the proba-
bilities it assigns the elements of .. Moreover, every countably additive function 7 : & — [0, 00)
with (@) = 0 and 7(M[K]) = 1 extends to a (unique) Borel probability measure.

In fact, the probabilities 7(€y ) alone are sufficient to uniquely determine the probability mea-
sure 7.

Argument. (see [8], Theorem A 5.1) Let fi,f2,...,fn : K = R be compactly supported continuous
functions. Then, there is a number 0 < L < oo such that || f;|| < L for each i. Every probability measure
m on M[K] induces a probability measure A on [—L, L]™ via
/\(Il X Iy X -+ X In) e (5f1,[1 m£f2,12 [REEE ﬁgfm]n) (45)
=m{p: (ufr), w(f2), . pu(fn)) € L X T2 X -+ X In} (46)

for every measurable I1,Is,..., I, C [—L,L]. This is the joint distribution, with respect to =, of the
integrals of f1, f2,..., fn. By the regularity of probability measures on [—L, L]™ and using Urysohn’s

lemma, the measure X is uniquely determined by the integral A(g) of continuous functions g : [-L, L]™ — R.
Every such continuous function g can be uniformly approximated by linear combinations of functions of
the form (z1,z2,...,2n) — e~ 2i=1 %% for o € R (using the Stone-Weierstrass theorem). It follows
that the measure ) is uniquely determined by the integral of the functions of the form g(z1,x2,...,2n) =
=Xl o
e~ 2 .
Let g(z1,22,...,2n) = e~ Titioimi If w is a Radon measure on K, we have
9 (u(f1), p(f2), -, il fn)) = e 2i=1 inlf) (47)
— e—H(ZLl aifi) (48)

Let f £ 3% | a;fi. The integral m (u — e_“(f)) is uniquely determined by the probabilities 7(£¢, 1) where

I C Rismeasurable. Therefore, the probability measure A, and hence the probabilities 7 (Sfl 0 NEp i, N--NEf 1, ),
are uniquely determined by the probabilities w(£y ) for f in the linear span of fi, fo,..., fn and measur-

able I C R.
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4.5

4.6

5.1

How to specify a probability measure on N[K]. For every bounded measurable set B C K
and each non-negative integer k, define the event

Ep 2 {ne MK]: u(B) =k} .

Every probability measure m on N[K] is uniquely identified by the probabilities it associates to the
events of the form

Eavky NEas ki, NN EA,, K

myvm
where Ay, Ao, ..., A, € & are disjoint, and k1, ko, ..., ky,, are non-negative integers.
Argument. Recall that 7 is uniquely determined by the probabilities it associates to the events

5}317[1 ﬂ532,12 [ ﬂan,]n
for bounded measurable (not necessarily disjoint) B; and measurable I; C R (see 4.4). The intersection
of N4 €p,,1; and N[K] can be written as a countable union of sets of the form n;'":1 5Aj,kja where A;
are disjoint.
Namely, let A1, A2, ..., Ay C |J7_; B; be all the non-empty intersections

BlﬁBQQH'QBn,
where for each %, either BZ = B; or BZ =K\ B;. Set

J2 {(kl,kg,.u,km) EN™: ()€, C ﬂgBi,,i} .

j=1 i=1
Then,
n m
NEINO = U NEan
i=1 (k1,k2,....km)€J J=1

where the terms of the union on the righthand side are disjoint.

Probability measures on M[K] are regular. The space M[K] is separable and has a complete
metric (see Section 2). Therefore, by Ulam’s theorem (e.g., Theorem 7.1.4 of [2]), every Borel
probability measure on MK] is regular.

Space of Probability Measures on Particle Configurations

Let P[M]K]] denote the set of Borel probability measures on M[K]. The weak topology on P[M[K]]
is the weakest topology that makes all the mappings 7 +— 7(®), for bounded continuous functions

® € BC(MI[K]), continuous. In particular, m, — 7 (7, converges weakly to 7) if and only
if 7,(®) — 7(®) for every ® € BC(M[K]). If p, and p are random Radon measures with
distributions 7,, and 7, respectively, we say that g, converges in distribution to g if 7, — 7.

Set measurements. The following remain valid if M[K] is replaced with any metric space.

e For every open set U C M[K], the mapping 7 — 7(U) is lower semi-continuous (i.e., for every
a > 0, the set {7 : 7(U) > a)} is open).

e For every closed set V C M[K], the mapping 7 +— 7(V) is upper semi-continuous (i.e., for
every a > 0, the set {m: 7(V) < a)} is open).

e For every measurable set B C M[K], the mapping 7 — w(B) is continuous at each point
v € PIM[K]] with v(9B) = 0.
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5.2 Criteria for weak convergence. Let m,ms,... be Borel probability measures on M[K]. The

following conditions are equivalent (e.g., Theorem II.6.1 of [13] or Theorem 2.1 of [1]).

i) m —» 7 (m; weakly converges to ),

ii) m(®) = 7(®) for every bounded uniformly continuous function ® : M[K] — R,

ili) liminf 7 (U) > w(U) for every open set U C M[K],

iv) limsupm (V) < w(V) for every closed set V C M[K],

\

m(B) — w(B) for every measurable set B C M[K] with 7(9B) = 0.

vi) m(®) — m(®) for every bounded measurable function ® : M[K] — R that is m-almost surely
continuous.

)
)
)
)
)
)

Argument. The standard theorem contains the implications (i)=-(ii)=-(iii)<(iv)=(v)=(i).

Condition (vi) clearly implies the weak convergence 74 — m. The proof of the implication (v)=-(vi) is
between the lines of the proof of (v)=-(i) as, for example, in [1].

Namely, assume that condition (v) holds. Let ® : M[K] — R is a bounded measurable set and £ C M[K]
the set of points at which ® is continuous. Suppose that w(€) = 1. We show that 7 (®) — m(P). Since &
is bounded, without loss of generality, and using the linearity of integration, we can assume that & takes
its values from the interval [0, 1]

Using Fubini-Tonelli’s theorem, for every probability measure v on M[K], we can write the expected
value of ® as v(P) = fol v{{: ®(€) > y}dy. Let y € [0,1]. Every point at which ® is continuous is in the
interior of {& : ®(¢) > y}. Therefore, {¢ : ®(&) > y} C MIK] \ &€, which implies 7(0{§ : ®(&) > y) <
m(MIK] \ €) = 0. Hence, m{: ®(&) > y} — 7{€: ®(§) > y}. By the dominated convergence theorem,

1 1
(@) = /0 mA€ B(E) > y}dy - /0 (€ B(E) > y)dy = n(2) .

The above are valid on any metric space. In the particular case of MIK], there are other
more useful equivalent conditions. For every f € C.(K), let us denote the mapping p +— u(f)
by ®¢ : M[K] — R. Similarly, for By, Bs,...,B, € &, we write ®p, ,, .. B, : M[K] = R" for
the mapping pu — (u(B1), u(Bs),...,u(By)). If p is a random Radon measure with probability
distribution 7, ® ;7 £ 71'0‘1);1 denotes the probability distribution of p(f). The probability measure
®p, B,,.. B, ™ on R" is defined similarly.

Let my,ms,... be Borel probability measures on M[K]. Either of the following conditions is
equivalent to the weak convergence of m; to m (Theorem 4.2 of [8]).

vil) ®pm; — @7 for every f € Co(K),
viii) ®p,.B,.....B, Tt BN ®p, B, B, for every n € Nand By, Bs,..., B, € & with

m{p: p(0B1) # 0} = m{p: p(0B2) #0} = - - = w{p: p(0B,) #0} =0.

On the space N'[K] of particle configurations, the latter condition has a simpler version.
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ix)

1€ §(Ar) = k1, €(A2) = ko, ..., E(Am) = km }
— 7T{§ : E(Al) = ]{117£(A2) = kg,,f(Am) = km}

for every m € N and disjoint Ay, Ao, ..., A, € & with

m{§: £(0A1) # 0} = m{{ : {(0A2) # 0} = - = 7{{ : {(0A,) #0} =0,
and every ki, ko,..., kmyn € N.

r Argument. The above condition is included in Condition (viii). It is therefore enough to verify that
Condition (viii) holds whenever the above condition is satisfied.
For probability measures on N[K], the measures ®p, B,,.. B, and ®p, B, .. B,  are supported

at N™. Therefore, ®p, B,,... B, Tt AN ®pB,,B,,...,B, T if and only if

n n
m (m 5Bi,1i> — Tt <m 5131-,11-)
i=1 i=1

for every finite I1,I2,...,In C N (see e.g., Theorem 2.2 of [1]; for the definition of £p, 1,, see 4.4).
Let B1,Ba,...,Bn € &, and let I, Ia,...,I, C N be finite. As in 4.5, let A1, A2,...,Am C U, B;
be all the non-empty intersections

Blﬁégﬁ“'ﬂgn,

where for each %, either B,— = B; or Bi =K\ B;. Set

m n
J & (ki ko, km) €N () Eay i, € () EBits
j=1 i=1

Then,

n m
.mlgBi’Ii = U ﬂ Eajky s
ie

(k1,k2,..skm)€J =1

where the terms of union are disjoint. Note also that J is a finite set.
Suppose that ¢ (ﬂ;”:l 5Aj,kj) — T (ﬂgn:l 5Aj,kj) for each (ki1,k2,...,km) € N*. Then also

n m
i <ﬂ ng‘Ji> = Z mt ﬂ €ak;
i=1 (k1,k2,....km)EJT Jj=1
m n
- > m | () Eaj; =’T(ﬂ€Bm) ‘
(k1,k2,..skm)€J Jj=1 i=1

The claim follows from the fact that if By, Ba,..., By are continuity sets of a configuration &, so are
A1,A2,..., Am. (Recall from 2.2 that the family of continuity sets of £ is an algebra.) Therefore,

{€:€(04;) #0} C | J{¢: €(0By) # 0}

i=1

L for each j, and 7{€ : £(0A;) #0} < >0 | w{&: £(0B;) # 0}.

5.3 The weak topology on P[M[K]] is separable and has a complete metric.
(Theorems I1.6.2 and I1.6.5 in [13])
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5.4

5.5

6.1

Criteria for weak compactness. The space M[K] is a complete separable metric space. Let
Q C P[M[K]] be a family of probability measures on M[K]. Then, Prohorov’s theorem (Theo-
rem I1.6.7 of [13] or Theorem 11.5.4 of [2]) states that the weak closure Q is weakly compact if and
only if for every € > 0, there exists a compact set K. C MK] such that 7(KC;) > 1 —¢ forall m € Q.
Such a family is said to be (uniformly) tight.

The above condition is valid for any complete separable metric space instead of N'[K]. There is
also a condition specific to N[K] (Lemma 4.5 of [8]): a sequence 71,7, ... of probability measures
on N[K] has a weakly convergent subsequence if and only if

lim limsup 7, {&: &(B) >t} =0

t—=00 pyoo

for every bounded measurable B C K.

PIN[K]] is weakly closed in P[M[K]].

Poisson Measures

Let A be Radon measure on K. A Poisson measure with intensity measure (or mean measure) \ is a
Borel probability measure 7* on the space of particle configurations N[K] such that

I. for every A € &, and every k € N, we have

ey AMA)F

e E(A) =k = 0

where 0° is interpreted as 1.
(Recall: & denotes the family of bounded measurable subsets of K.)

I1. for every disjoint Ay, As, ..., A, € &, and every ky, ko, ..., k, € N, it holds

TAE (A1) = k1, E(A2) = ko, ... E(An) = kp} = 1_[7TA {€:8(A) = ki)

A Poisson random configuration (a.k.a. a Poisson point process) on K is a random configuration
¢ : Q = N[K] defined on a probability space (€,.o7, Pr) whose distribution is a Poisson measure
(i.e., the measure & Pr defined by (§ Pr)(A) £ Pr{w : £(w) € A} is a Poisson measure).

In fact, condition II alone is essentially sufficient for the measure to be Poisson. Prékopa’s
theorem (Theorem 4 of [7]) states that any atom-less measure on N'[K] that has no multiple points
and satisfies condition II is Poisson.

The superposition theorem. Let&,,&,,... beindependent Poisson random configurations with
intensity measures A1, Az,.... If A= Y% A, is a Radon measure, then £ £ 577 | £, is a Poisson
random configuration with intensity measure A (e.g., Section 2.2 of [9]).

Proof. We first verify that & £ fo:l &,, is almost surely a particle configuration.
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Argument. Let B C K be a bounded measurable set. Then, £&(B) = 372, &, (B) is almost surely finite.
Namely, by the monotone continuity of expectation, we have E[¢(B)] = limn 00 D1 E[§;(B)] = A(B).
Hence, £(B) cannot take the value oo on a set that has a positive probability.

Since K is o-compact, there is a chain A; C Az C ... C K of bounded open sets with [ J;2; A; = K
(see 1.1). With probability 1, all the values &(A1),&(A2), ... are finite. Every bounded set is included in
A; for some [. Tt follows that £ is almost surely Radon. Since N[K] is closed in M[K] (see 3.1), & is almost
surely a particle configuration.

Next, we recall that the sum of finitely many independent Poisson random variables is also
a Poisson random variable. Namely, if x1,Xs,...,X, are independent Poisson random variables,
respectively with intensities 71, %2, ..., 7n, then x £ > i, %; is a Poisson random variable with

intensity v = >0, ;.

Argument.

Pr{ix=1}= Z He "’La—i!

a1,a2,...,ap, >0 i=1
ai+ag+--+an=l

_ e~ (Vi+v2+ttvn) Z < l )—y‘“'yaz ey
I a1, az,...,an/ b 2 "

ai,ag,...,an>0 v

aitazt-+an=l
e~

=ttt tm)

In particular, for every bounded measurable B C K and each n > 0, > | &,(B) is Poisson with
intensity Y, \i(B).

The pointwise monotone limit of Poisson random variables is also a Poisson random variable:
if x; < x9 < --- is a chain of Poisson random variables with intensities v < 72 < ---, and if
Yn /7y < 00, then the pointwise limit x £ lim,,_,o X,, is Poisson with intensity ~.

Argument. For every | € N, the events {x,, <[} form a decreasing chain with {x <1} =, {xn <1}. The
claim follows from the monotone continuity of probability measures and the continuity of 22:0 e"‘”’i—;
in 7.
It follows that for every bounded measurable B C K, £(B) = >_:°, &;(B) is Poisson with intensity
oo
AMB) = X221 Mi(B).
The sum of independent random variables are independent: if x1,X2,...,Xm,¥1,¥2 -y ¥Ym

are independent random variables in N, so are x; +y;,X2 + ¥9,-.-,Xm + ¥,,- In particular, if
Bi,Bs,...,B,, C K are disjoint bounded measurable sets and n > 0, the variables > . | &,(B1),

Yo &i(Ba), ..., > &(Byy,) are independent.
Finally, the monotone limit of independent random variables are independent: for every n €

N, let Xgn),xgn), . ,xsﬁ) be independent random variables in N, and suppose that for each k =
1,2,...,m, x;") ' xp asn — oo. Then, x1,Xs,...,X,, are independent.
Argument. The events {xgn) <, xgn) <la, ..., xﬁ,’f) <lm}, for n =1,2,..., form a decreasing chain
with
(x1 <l xa <oy ooy xem <} = (O <, x$Y <oy, X <)
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6.2

By the monotone continuity of the probability measures, we have

Prixi <l1,x2 <lo, ooy Xm < ln} = lim Pr{x{") <i1, x{" <o, .o, x() <) (73)
= lim_ H Pr{x\") <} (74)
= H Pr{x) < I} . (75)

Hence, if By, Ba, . .., B, C K are disjoint bounded measurable sets, the variables &€(By), &(Bz2), ..., &(Bm)
are independent. O

Construction of Poisson measures. A probability measure on N[K] is uniquely determined
by its values on the sets of the form

{€:6(A1) = k1,&8(A2) = ko, ..., €(An) = kn} (76)

where Ay, As,..., A, € & are disjoint (see 4.5). Therefore, the Poisson measure with intensity
measure A, if exists, is unique.
For the existence, we may use an indirect construction as e.g. in Section 2.5 of [9].

Since K is o-compact, there are disjoint bounded measurable sets Ki, Ko,... C K such that
Ui, K, = K. Since X is Radon, A(K,,) < oo for each n.
On a suitable probability space (€2, &7, Pr), let us construct independent random variables

N,:Q—N (n=1,2,...) (77)
al:0—-K (n=1,2..,i=12..) (78)

such that, for each n, the following conditions hold.

e The variable N,, has Poisson distribution with intensity A(X,). (We define a Poisson distri-
bution with intensity 0 as the distribution concentrated at 0.)

A('mKn)
A(Kn)

e If \(K,,) > 0, for each i, the variable a’, has probability distribution A, =

the distribution of ai, could be arbitrary.

. Otherwise,

. A [e%s) N, e . . o . . s
We claim that & = >~ >°.7% 0ai is a random configuration whose distribution is a Poisson
measure with intensity measure .

Proof. We first need to verify that the mapping

W—(Nnvan nz'_>§w Zzaal (79)

n=11:=1

from the product space (N x KM)N to A[K] is measurable.
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6.3

Argument. It is enough to verify that for every B € & (the family of bounded measurable subsets of K)
and every measurable I C R, the set {w : £w,(B) € I} is measurable (see 4.1).

We have
oo
fwiteBent=1J U Niw:&BNK)=r}
reINN7y,ro,...€Nn=1
n Tn=T
and
1 2 m
. = = . = among an7an7"'7an7
{w:&u(BOKn) =rn} U {w i Vo = m and (exactly rn are in BN Ky, )} ’

m>rpy

which are measurable.

N, . . . o .
Next, we observe that £, = Yo 0a: is a Poisson random configuration with intensity measure
AN Ky).

Argument. Let Ay, Ag, ..., Ay € & be disjoint and ki, k2, ..., km € N. Then, for each r € N,

Pr {EH(AI) = kl?&n(AQ) = k27 te 7§n(Am) = k7”|N" = T’}
=Pr{,(A0) = k0,£,(A1) = k1, ., &, (Am) = km | Ny =1}

.
— A (A0)FO N, (ADFL - A (A ) Fm
<ko,k1,...,km) (A0)%0 An (A1) (Am)

where AOéKn\U;r;l A; and koérfzzr;l k;. Hence,
Pr{¢, (A1) =k1,€,(A2) = kz,.... &, (Am) = km}

AKR)" rl
= —AMKR) 220 An(A0)F0 X (AP - A (A ) P
Z T Rl (A0) 70 An (A1) (Am)

_ ﬁe_x(m)*( )" i o= A(ap) AlAo)*0
P DI ko!
“a(ap MA)M
k !

_:]3

=1

The countable sum & = > 7, &, of Poisson random configurations &, with intensity measures
A(-N K,,) is a Poisson random measure with intensity measure A =Y 2 A(-N K,,) (see 6.1). O

Poisson measures are positively correlated. As before (see 3.2), for two configurations &, &' €
N[K] we write £ < ¢ if £(B) < &'(B) for every bounded measurable set B C K (i.e., every particle
of ¢ is also present in ¢’). This is a partial order on M[K]. An event £ is increasing, if it is upward
closed, that is, £’ € £ whenever there exists £ < &’ such that £ € £. A probability measure 7 on
N[K] is positively correlated if w(A N B) > w(A)w(B) for every two increasing event A and B.

Positive correlation is closed under weak limits. Therefore, for a Radon measure A on K =
R? that is absolutely continuous with respect to the Lebesgue measure, we can use the positive
correlation of the Bernoulli measures to argue that the Poisson measure 7 is positively correlated.

Is there a better, direct proof that 7 is positively correlated? What if A is not absolutely
continuous w.r.t. the Lebesgue measure? How about when K is not R%?
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7 Specifications and Gibbs Measures

7.1

7.2

To simplify the notations, we shall write N for NK].

Multi-species Particle Configurations In this section, we consider the particle configurations
in which particles are from a finite set of distinguishable types (or species, or colours). If S is a
finite set of symbols, a particle configuration whose each particle is marked with an element of S
(its type or colour) is represented by a tuple £ = (£%) where each £° is an untyped configuration
(i.e., an element of N).!

The space of S-typed particle configurations is thus denoted by N*°. We endow the space N°
with the product topology (N having the vague topology). Recall that % denotes the Borel o-
algebra on A, and for each measurable A C K, #[A] C .# denotes the sub-o-algebra of events
occurring in A. We write .#° for the product o-algebra on A%, if A is given the o-algebra .%. This
is the same as the Borel g-algebra on V¥, because A is metric and separable (see 2.4 and 2.6). Sim-
ilarly, .#°[A] denotes the product o-algebra on N°, if N is given the o-algebra .#[A]. Equivalently,
FS5[\] C F7 is the sub-o-algebra of events occurring in A.

ses»

Specifications. As before, we denote by & the family of bounded measurable subsets of K. Let
S be a finite set of symbols. A specification on N° is a family P = [Pp]ace of proper probability
kernels Py from (NS, Z9[K\ A]) to (N°,.F9) that satisfy the consistency condition Pa Py = Pa
for all A, A € & with A C A. That is, Py : N¥ x 5 —[0,1] (for A € &) are such that

i) for each configuration w € N'¥, Pj(w,-) is a probability measure on (N5, #5),

ii) for each event £ € .F9, Pp(+, &) is F9[K\ A]-measurable,

iii) for each €& € .7 and A € .Z°[K\ A] we have Py(-,EN.A) = Pp(-,E)14(-) (i.e., Py is proper),

)
)
)
iv) for every w € N and £ € .F9,

PAPA(w,E) £ Pa(w, Pr(+E))

2 /PA(g,dé)PA(g,E) = Paw,€),

whenever A C A (i.e., P is consistent).

Note that since V¥ is (as a measurable space) isomorphic to N*9[A] x N9[K\ A] (see 4.2 and 7.1),
the properness condition can be expressed as follows:

iii) for each w € N¥, &g € FO[K\ A] and &, € F5[A], we have

PA(Q, 5off N gin) = 5&(6‘05) : PA(Qa gin) 5

L Another approach would be to consider the S-typed particle configurations as (untyped) particle configurations
on S x K. This would lead to essentially the same space of particle configurations, but a different concept of
specification.
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7.3

where §,, denotes the Dirac measure concentrated at w). In particular, Py (w,-) is uniquely deter-
mined by its restriction to .#5[A].

If P is a specification on ¥, a Borel probability measure 7 is said to be specified by P (or 7 is
a Gibbs measure with specification P) if for every A € & and every A € .#°, it holds

T (A| FI[K\ A]) = Po(-, A)

m-almost surely, that is, P, is a regular version of 7 conditioned to the o-algebra of events occurring
outside A. The set of measures specified by P is denoted by G(P). As in the lattice setting
(Remark 1.24 of [5]), we have 7 € G(P) if and only if 7Py = x for all A € &, which holds if and
only if 7Py = 7 for all A in a cofinal subfamily of &. A family & C & is cofinal, if each A € &
is contained in some A € &. For example, the family of bounded open subsets of K is cofinal, of
if Ay € Ay € --- are bounded open sets with | J,, A, = K, then {A, : n =1,2,...} is cofinal. As
usual, we write 7P, for the measure defined by mPy(A) £ 7 (P (-, A)).

Examples.

A. Let w € N9, If for each A € & we define a kernel Py by PP(w',) £ 4,
specification P¢ with G(P%) = {4, }.

A pr WO get a trivial

B. For each s € S, let A* be a Radon measure on K, and write A = (A\*) .. Let 72 denotes the
product, over s € S, of Poisson measures 7 on N. (For short, we will call 72 the Poisson
measure on N¥ with intensity A.) For each configuration w € N°, let 0, denotes the Dirac
measure concentrated at w.

For every bounded measurable A C K, we can define a proper probability kernel PI% by
PR(w, Eot N Ein) 2 0u(Eom) - T(Em) |

for every configuration w € N9, and every two events E.g € F°[K \ A] and &, € F5[A].
Argument. Recall, from 4.2, that the family
7L {goff N Em : o € FSK\ A] and &, € fﬁ[A}}

is a semi-algebra generating .Z°. To see that P/%(g, -) extends to a unique probability measure,
we should verify that it is countably additive on .. This goes like the construction of the product
measure. Let ENE’ = (J;2, £&NE] be a disjoint union of elements of .. Since A and K\ A are disjoint,
for every two configurations &,£’ € A5, we have 1g(§)1¢/(£') = 322, 1g,(§1¢/ (€). Integrating first
£ w.rt. §w, and then & w.r.t. m we obtain that Pj%(g,é' neN=>2, P/%(g, EnNED.

For every &g N &n € 7, the function P/%(',goff N &) = T (Ein) - lg, 4 () is clearly F5[K \ Al-
measurable. Let o/ be the algebra generated by .. Then, every event in &/ is a finite disjoint
union of elements of .. Hence, for every £ € &7, P/%(-,E) is a finite sum of .#5[K \ A]-measurable
functions, which itself is #°[K \ A]-measurable. Next, let # be the family of sets £ for which P/%( &)
is #3[K \ Al-measurable. This is a monotone class containing the algebra A. Hence it contains the
o-algebra F>°.

Therefore, PI% is a probability kernel from (NS, Z5[K \ A]) to (M3, #5). Furthermore, by con-
struction, this probability kernel is proper (see 7.2).

The probability kernels P,% form a specification P2, which we refer to as the Poisson specification
with intensity measure \.
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Argument. We need to verify that P2 is consistent.
Let AC Aands € S. Let By, Ba, ..., Bn C A bedisjoint (bounded) measurable sets, k1, k2, ..., kn €
N. Then, the event {§ :&5(By) =ki fori=1,2,..., n} can be written as the disjoint union

U {eeB\N=tfor1<i<n}n{€:€BiNA) =k —lfor1<i<n}. (93)
ll,l_Q,M,lnEN

LSRG

Therefore,

Pﬁpj%(% {€:¢°(B;) = k; for each z})

= /PA(£7 dn) Pa (ﬂv {¢: €(BiNA) =k; —n°(B; \ A) for each 2}) (94)

= Z Pﬁ (% {n: n*(Bi\ A) =1; for each z}) (95)
ll’lfz’“{i"iEN XWA<{§5 & (B;NA) =k; —; for each z})

= m™° {n®: n*(B; \ A) =1, for each i} (96)
ll’vlf’lL%%ZEN x 7 {€*: £€3(BiNA) =k; —I; for each i}

:W)‘S{g‘SZfS(Bi):ki fori:1727'”,n} (97)

— Pﬁ(% {§ : £%(B;) = k; for each z}) . 98)

K

(The fourth equality is because with respect to the Poisson measure 7* , the events occurring on
A and A\ A are independent.) It follows that the s’th marginals of the measures PﬁPf(g, -) and
Pﬁ(g, -) agree on the c-algebra .Z[A] (see 4.4). By the properness of Pﬁ, the s’th marginals of
the measures PﬁPI%(g, ) and Pﬁ(g, -) agree also on F5[K \ A]. Therefore, the s’th marginals of

PﬁP[%(g, -) and Pﬁ(g, -) agree on .#. Finally, the agreement of PﬁP/%(g, -) and Pﬁ(g, -) follows from
the fact that both are product measures and their corresponding marginals agree.

The Poisson measure 7 is the unique Gibbs measure of P2 (see Remark 1.25 of [5]).

. We say that P = [Pa]aces is a Markovian specification if there exists M € & (the neighbourhood
of P) such that for every A € &, and each event A € Z[A], Pp(-, A) is F[M(A)\ A]-measurable.
(Recall: M(A) = {a+b:acAbe M}.)

Equivalently, P is Markovian if there exists W € & such that for every A, A € & with W(A) N
W(A) = @ it holds

Proa(w, ANB) = Py(w, A) - Pa(w, B) (99)
for every configuration w and all events A € F[A] and B € F[A].

. Asin the lattice setup, we would like to have a property like the Feller property or quasi-locality
that implies the equivalence of Gibbs measures in the sense of Dobrushin-Lanford-Ruelle and
Gibbs measures as thermodynamic limits of the Boltzmann distribution.

Unfortunately, in the continuum setting (e.g., when K = R9), the Feller property (or quasi-
locality) seems to be too much to ask. For a typical specification P = [Pa|pce, none of the
kernels Py is Feller, simply because for a bounded continuous function ® : A — R and a
configuration w € N9, Pj(w, ®) is a function of the projection Wi\ A+ and the projection map
w — wg\ A 1S not continuous; taking a limit, particles may fall in or off A and drastically affect
the distribution inside A.
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7.4

7.5

As a substitute, we introduce the almost Feller property. Let us say that a specification P =
[Pa]ace is almost Feller if for every bounded measurable set A C K and each bounded continuous
® : N5 — R, the function PA® = Pa(-,®) is continuous at any point w € N for which
w(0A) =0 (i.e., w has no particle on the boundary of A).

Let 7 be a probability measure. For every bounded measurable set A C K, there is a bounded
open set A O A such that a random configuration with distribution 7 has almost surely no
particle on the boundary of A; that is, 7{{ : £*(0A) > 0 for some s € S} = 0.

Argument. Let € be a random configuration with distribution 7, and denote by [&] £ 3
configuration obtained from £ by forgetting the type of the particles.

Pick r > 0 such that N, (A) (i.e., the r-neighbourhood around A) is bounded (see 1.1). The random
variable || (N:(A)) is increasing in €. So is its expected value E[|€| (N:(A))]. An increasing function
on a real interval cannot be discontinuous on more than a countable number of points. Pick an

ec € (0,7) at which the expected value E[|€| (Nc(A))] is continuous. By monotone continuity we have

scs §&° the

ElJ¢] (Ne. (0)] = lim E[] (V.(A))] = B[ lim |¢] (N=(4)] = Ell¢] (Voo ()
Choose A £ N, (A).

In particular, the collection of bounded measurable sets A C K whose boundary contain -
almost surely no particle is cofinal. Moreover, we can choose a cofinal sequence A; C Ay C ---
such that m-almost surely no particle appears on the boundary of any of Ay; that is, m{¢ :
&°(0AL) > 0 for some s € S and some k} = 0. B

Construction of Gibbs measures. Let P be an almost Feller specification (see 7.3.D). Let u
be an arbitrary probability measure on N*¥. Let A; C Ay C --- be a chain of bounded open sets
with [ J,, A, = K (see 1.1 for the existence). If the weak limit 7 £ lim,,_, P2, exists, it is a Gibbs
measure for P.

Argument. Let A € & be such that m-almost surely no particle appears on the boundary of A. Let
@ : N° = R be a bounded continuous function. By the almost Feller property, PAo® is m-almost surely
continuous. By the weak convergence, we have

T(Pa®) = nlew (Pp,, ) (PA®)

(see 5.2). Since {An}n is an open cover of the compact set A, there exists ng € N such that for every
n > ng, Ap 2 Apy O A. Therefore, because of the consistency of P, for every n > ng, we have
Pp,, PA = Py, . Hence,
T(Pa®) = lim pPp, PA® = lim puPp, o =n(P).
n— oo n—oo
Therefore, mPa = m. Since the collection of bounded measurable sets A whose boundary m-almost surely
contain no particle is cofinal, we conclude 7 is a Gibbs measure for P.

Extremal Gibbs measures are tail-trivial and vice versa. (Theorem 7.7 in [5])
Let P = [Pp]ace be a specification on N'¥, and suppose that G(P) is non-empty. The set G(P) is
convex, because 7 — P, are affine. If P is almost Feller, then G(P) is also closed.
Argument. The argument is similar to that of 7.4. Let 71,72, ... be a sequence of Gibbs measures for P,
and suppose that m, converges weakly to a measure 7.

Let A € & be such that m-almost surely no particle appears on the boundary of A. Then, for every
bounded continuous function ® : N5 — R, PAo® is m-almost surely continuous, which implies

7P = lim 7, ® = lim 71, PA® = 7PA®
n— oo n— oo

(see 5.2). Since the collection of bounded measurable sets A whose boundary w-almost surely contain no
particle is cofinal, 7 must be a Gibbs measure for P.
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An element 7 of G(P) is said to be extremal if it cannot be written as a non-trivial convex combi-
nation of elements of G(P).

Let 7 a Gibbs measure for P and € a tail event in N'¥ with 7(€) > 0. Then, (- |€) is also a
Gibbs measure for P.

Argument. The proof is as in the lattice setup. Let A € &. Since Py is a proper kernel from (N5, .# 5 [K\A])
and £ € 79 C F9[K\ Al, for every measurable A C N'° we have

(-1 €)Py) (A) = 7 (Pa(, A) | €) = ~IeLACA))

@)
_n(PAGANE) _ (P (ANE) _ m(ANE) _
R

Hence, 7w(- | )Py = w(-| E).

Therefore, if 7 is an extremal element of G(P), it is tail-trivial (i.e., it assigns probabilities 0 or 1
to every tail event).

Conversely, if 7 is tail-trivial Gibbs measure for P, it is extremal in G(P). More generally, if 7
and v are two elements of G(P) that agree on the tail o-algebra .7, then 7 = v.

Argument. The proof is as in the lattice setup, using the backward martingale convergence theorem (e.g.,

Theorem 10.6.1 of [2]). Let A be an event in .#5.
Let Ay € A2 C --- be a chain of bounded open sets with | J,, An = K. We have

FIK\A1] D FI[K\A] D -

and 7% =, FI[K\ An], because every A € & is included in A, for some n. Therefore, the sequence
{m(A| FS[K\ Ayn])}, is a reverse martingale, and by the backward martingale convergence theorem

(Al 7%) = lim m(A F3 K\ An)) (m-almost surely)
= nlew Py, (-, A) (m-almost surely).

Similarly,
v(A| T = dim Py (- A) (v-almost surely).

Let @ C NS be the set of configurations w for which {Py,, (w,.A)}
T:N% 5 Rby

,, converges as n — oo, and define

We have
m(A) = 7 (m(A| 79)) = m(¥),
v(A) = v(v(A] T%)) = v(T) .

But ¥ is 7 5-measurable. Therefore, 7(¥) = v(¥) because w and v agree on 75,
Therefore, the extremal Gibbs measures for P are precisely those with respect to which the

“macroscopic” events (i.e., the tail events) are deterministic.

As a corollary, every two distinct extremal Gibbs measures 7, v € G(P) are mutually singular:
there exists a tail event A € 7 such that 7(A) = 1 and v(N° \ A) = 1.

Argument. Since 7 # v, there exists A € 75 such that 7(A) > v(A). Since m and v are tail trivial, we
must have m(A) =1 and v(A) = 0.
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7.6

7.7

Extremal Gibbs measures are mixing and vice versa. (See Proposition 7.9 in [5].)

A local event in N S'is an event A € .Z that occurs in a bounded measurable region A C K, that
is, A € F5[A] (see 4.2). We say that a measure m on A’ is mixing (or has short-range correlations)
if for every local event A,

lim sup |7(ANB)—7n(A)r(B)|=0,
ATK Be ZSK\A]

where the limit limpqx is along the net of bounded measurable subsets of K with inclusion.
Let P = [Pp]ace be a specification on N'¥, and suppose that G(P) is non-empty. Then, every
extremal element of G(P) is mixing.

Argument. Let m be an extremal element of G(P) and A a local event. Let A1 C A2 C --- be a chain of
bounded open sets with J,, An = K. Using the backward martingale convergence theorem we have

m(A| Z5KN\ An]) — (A T9)

m-almost surely (see 7.5). Since w(A| Z ) is tail measurable, we know from 7.5 that it is m-almost surely
constant. This constant must be 7(A), because 7(A) = 7 (m(A| 95)) Therefore,

m(A| ZI[K\ An]) — 7(A)
m-almost surely.
Let & > 0. By Egorov’s theorem, there exists a measurable set £ C NS with 7(€) > 1 —¢/2, over which
the above convergence is uniform. Choose ne such that for every n > n., we have
‘W(A) —n(A] ZSK\ An])(w)‘ <e/2
for all w € £. Therefore, for every event B € .Z3[K \ A,], we obtain, by integrating on B w.r.t. 7, that

|[r(A)ym(B) — (AN B)| = ‘/B w(A)dr — /BW(A ! EZS[K\AH])dfr

g/m () = 7 (A] FS[KN A))| d + /2

<eg/2+4¢/2=¢.

For every bounded measurable A D Ay, the same bound holds for every B € .#5[K\ A], which concludes
the proof.

Conversely, every mixing element of G(P) is extremal.

Argument. We show that every mixing m € G(P) is tail trivial. The extremality of 7 then follows from 7.5.

Let B be a tail event. Then, for for every local event A, we have, by the mixing property, that
m(ANB) = w(A)m(B). That is, A and B are independent under w. The collection of local events (i.e.,
Urce S[A]) is an algebra that generates the o-algebra #. It follows from the well-known approximation
lemma (approximating the elements of .# by the elements of a generating algebra) that B is independent
of every element of .#. In particular, B is independent of itself, that is, 7(B N B) = «(B)7(B). Hence,
either w(B) =1 or w(B) = 0.

Extremal decomposition. Let P = [Py]ace be an specification on N*¥. Every Gibbs measure
7w € G(P) can be written as a unique convex mixture of extremal elements of G(P). In other words,
G(P) is a Choquet simplex. This follows from Dynkin’s theorem (Theorems 3.1 and 5.1 of [3]; see
also Section 7.3 of [5]).

[argument/explanation to be added.]
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8 Single Species Hard-core Gas

8.1

In this section, we assume that K =

R?. In the hard-core gas model, each particle a is imagined

to occupy a volume W (a), and we have the constraint that the volume of distinct particles cannot
overlap. We call W (a) the van der Waals volume of a. By the exclusion volume of a, W(a), we mean
the set of points whose van der Waals volumes intersects that of a.

The valid configurations.

Let 0 € W C K be a bounded measurable set. For a € K, we write

W(a) 2 Wr(W(a)) = {z: W(a) N W (z) # 2} .

The set of valid configurations is

Xw £ {¢€ e NK] :f(W_l(a)) < 1 for every a € K} ,

or equivalently,

Xy 2 {g e NK] : £({a}) - £(W(a)) < 1 for every a € K} ,

If W is open, the set Xy is vaguely closed.

Argument. If W is open, so is W~1. We have

Xw = () {&:6(W ) <1},

a€kK

which is closed, because W~1(a) are open (see 2.2).

In fact, if W is open, the set X}y is also compact.

Argument. Since Xyy is closed, it is enough to show that for every bounded set B C K, the values £(B), for

& € Ay, are bounded (see 2.7). Since B is compact, there is a finite number of points a1, as,...,an € K

such that B C Jl, W~

Y(a;). Therefore, for every € € X, it holds £(B) < 3°7 ; £ (W™1(a)) < n.

For a configuration ¢ € N[K] and a measurable A C K, the projection {4 £ £(-NA) can be seen
either as an element of N[K] or as an element of N[A]. Conversely, every configuration £ € AN[A]
may also be seen as a configuration in NK] by defining £(C) £ £(C'NA) whenever C € A. If A and
A are disjoint measurable subsets of K and £y € N[A] and éa € N[A], we write Ex6a = €p + En
for the configuration that has the particles of both 5 and &a.

For a bounded A C K, and a configuration w € N[K], the set of valid configurations on A with
boundary condition w is defined as

wlA|w] £

{€r € NTA] : (awria) (W H(a))

- {gA e NA] = éa({a}) - (Eawrna)(

<
1%

max {1, wg\A (W_l(a))} for every a € W(A)}
(a)) §1f0reverya€A} )
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This is the set of configurations €5 on A such that the van der Waals volumes of the particles in &y
do not overlap with each other, or with the van der Waals volumes of the particles in wgy . If w is
itself a valid configuration (i.e., w € Xy ), then we simply have

Xw[A|w] = {&x € N[A] : i € X},

but in principle it might be helpful to have boundary conditions that are not valid.
It will be more convenient to work with the space

X[ | w] 2 {5 e NK]: &x € /’\?W[A|w]}

= {f e NIK] : &a({a}) - (§AwK\A)(W(a)) <1 for every a € A} .

of all configurations whose projections on A are valid and compatible with w. This space is iso-
morphic (as a measurable space) to Xy [A|w] x MK\ A] (see 4.2). Note that Xy [A|w] is F[A]-
measurable.

Notation: when W is clear from the context, we may drop the subscript in Xy [A |w].

8.2 Continuity of compatibility. The mapping 1~ 1y, (a|w(n) is continuous at any configuration
7 satisfying the following two conditions:

i) n has no particle on the boundary of A (i.e., n(0A) = 0), and
ii) for every particle a of wg\xna and every particle b of 5 distinct from a, we have b ¢ oW (a).

Argument. First, suppose that n € Xy [A|w]. Then, there is a number 6 > 0 such that
e for every two distinct particles a and b of na, W(a) and W(b) have distance at least 24,
o for every particle a of w5, every particle b of na has distance at least ¢ from W (a), and
e every particle of 7 has distance at least § from 9A.
Then, every n’ € [n]a,s is also in Xy [A|w].
Next, suppose that n ¢ Xy [A|w]. Then, there is a particles a of wi\ATA and a particle b of ny distinct
from a, such that b € W(a), but b ¢ OW (a). Hence, there is a number 6 > 0 such that
o Nys(b) C W(a), and
e Nj(b) C A.
L Every n' € [n]a,s is also outside Xy [A | w].

Similarly, the mapping w + 1y, (A |4](7) is continuous at any configuration w satisfying the follow-
ing two conditions:

i) w has no particle on the boundary of A (i.e., w(OA) = 0), and
ii) for every particle b of 15 and every particle a of wg\ A, we have a ¢ oW (b).

r Argument. First, suppose that n € Xy [A|w]. Then, there is a number § > 0 such that

o for every particle b of na, every particle a of wg\ 5 has distance at least J from W (b), and
e every particle of w has distance at least ¢ from JA.
Let C' 2 Ns(W(A)). Then, every w’ € [w]c,s, we also have 1 € Xy [A |w'].

Next, suppose that n ¢ Xy [A|w]. If there are distinct particles b and b’ of n such that W (b)NW (b') #
@, then i ¢ Xw [A|w'] for every w’ € V. Otherwise, there is a particle b of 74 and a particle a of wg\ 74,

such that a € W (b), but a ¢ W (b). Hence, there is a number § > 0 such that Ns(a) C W(b) \ A. Again,
L let C' 2 N5(W (A)). Then, for every o’ € [w]c,5, we also have n ¢ Xy [A|w'].
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8.3 The specification. Let A be a Radon measure on K. Let P* = [P{]prce denote the Poisson
specification with intensity measure A (see 7.3.B). The specification of the single-species hard-core
gas with van der Waals volume W is defined by conditioning the Poisson specification to the set of
valid configurations. The measure A plays the role of the fugacity. Typically, A is uniform, that is,
a multiple of the Lebesgue measure.

Namely, for every bounded measurable set A C K and every configuration w € N, let

P (w,) & PR (w, | X[A ) -

where X[A|w] is the set of configurations whose projection on A is valid and compatible with w
(see 8.1). More explicitly, if 7* denotes the Poisson measure with intensity measure A, we have

P w, ot M Ein) 2 80(Eot) - 7 (Em | X[A | w])

for every two events E,¢ € .Z[K\ A] and &, € F#[A]. The mapping PXV * is a proper probability
kernel from Z[K\ A] to .Z.

r Argument. First note that X[A |w] € Z[A]. Hence the above two definitions are equivalent.

For every configuration w € N, P} (w,- | X[A|w]) is clearly a probability measure. For every event
& € #, the function

P} (LENX[A|w))

PR (EX[A|w]) = P (-, X[A]w))

L is #S[K \ A]-measurable. The properness of PXV’A is clear from the construction.

The family P 2 [PV} yc s is a specification — the hard-core gas specification with van der Waals
volume W and fugacity measure A.

r Argument. Let A, A C K be bounded measurable sets with A C A. To prove the consistency, it is enough
to verify that

PV (w, PYVA L 61 M &) = PV w, €10 &),

for every configuration w € N and every two events & € Z[A\ A] and & € F[A]. (Recall that such sets
&1 N &; form a semi-algebra generating 7 [A]; see 4.2.)
By the definition of PXV”\, we have

T (Laga 0 () - PYA G, €10 E2))

P (w, P (€1 N &) = ™ (X[Aw])

_ 1 WA A
_ /X[AMPA (€, €1 N E2) T (de) .

7 (X[A | w])
Recall that the space N'[A] is isomorphic to the product space N[A\ A] x N[A] (see 4.2). Since the Poisson
measure 7> induces a product measure on N[A \ A] x A'[A], we can use Fubini-Tonelli’s theorem to write

pWA A _
/mlw] WA (€, £, 1 £2) 7 (de) /

[ PPeEne) Pan) g
X[A\A Jwi\al M/ X[A]E]

PYNE & ﬁ&)'(/

X[Alg]

-/ ™ (dn)) 7 (de)
X[A\A |wi\ Al

PV €, 81N &) - TN (XA | €]) 7 (dE) -

/X[A\A | wgyal
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By the definition of PXV”\ and a second application of Fubini-Tonelli’s theorem, the last integral can be
written as

/ P (€, €1 N &) - m (XA €]) 7 (de)
X[A\A | wi\ A

XAl NE)

— 7'(')\ 71')\

= /X o O T gy A D P (140)

- / Le, (6) - T (X[A €] N &) 7 (d€) (141)
X[A\A | wi\ Al

- / Le, (6) - 1g, (€) ©(d€) (142)
X[A | w]

= (X[Alw]N&ENE) . (143)

Hence, we obtain that

WA(X[A‘UJ} né 082)
T (X[A | w])

P w, PV L8N &) = =PV Nw,E1NnE), (144)
concluding the proof.

For every configuration ¢ € N and every measurable observable ® : A — R, we have

PR(& Lriag() @)
PY®)(6) = P (E, @) = ATl — (145)
(P @)(€) = Py (XA €])
Using Fubini-Tonelli’s theorem, the numerator can be rewritten as
PR(&1xn g() @) = /1;([/\\5](77) - D (&yana) T (dn) - (146)
Argument. Recall that N[K] is isomorphic (as a measurable space) to N[A°] x AV[A] (see 4.2), and that
the Poisson measure 7 induces a product measure W;\\G X WX on ./\/[AC] x NTA].
P& L 190 ®) = [ Lvia ) - Bn) (B g x m) () (147)
— /[ a1 ) - @0m8) 8e g (dng)mh () (148)
= [ Lo gm) - @(€emm) mh(dna) (149)
= // Ly e (nyoma) - @(€x0ma) ™3 (dn,g) 7R (dna) (150)
= /1X[A|§] (n) - ®(Eema) ™ (dn) . (151)
Therefore, we can write
Y ERNPIC RTCWONERCY
(Py"®)(&) = (152)

/bc[A\g] (n) ™ (dn)
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8.4 Markov property. The specification PW* is Markovian (see 7.3.C).

r Argument. Let A, A € & be such that W(A) N W(A) = @. Then, for every w € N, X[ANA|w] =
X[A |w] N X[A|w]. Therefore, for every Ep € F[A], Ea € F[A] and o € F[K\ (AU A)],

TN X[ANA|w]NEANEA)

PYON (@, Eo NEANEA) = L, (w) - AN (153)
. (XA |w] NX[A|w]NEANEA)
=) TS R W N R B ) e
B TN XA W] NER) 7 (X[A|w]NEA)
= leon @) T SRR wl) P (KA @) (155)
= PN w, &g NEA) - PX N (w, Eot N EA) - (156)
8.5 Almost Feller property. If the exclusion volume W = W~1(W) satisfies A(OW (a)) = 0 for
every a € K, then the specification PW+* is also almost Feller (see 7.3.D).
Proof. Let A € & and w € N be such that w has no particle on the boundary of A. Let ® : N' = R
be a bounded continuous function. We have to show that PXV A® is continuous at w.
For every £ € N we have
PR(& 1xa () @)
PVA®)(€) = PV (¢, @) = A XA 157
Using Fubini-Tonelli’s theorem, the numerator can be written as
PR(&1xn g() @) = /1/\6[/\\5](77) D (&ana) ™ (dn) - (158)
r Argument. Recall that N[K] is isomorphic (as a measurable space) to N[A°] x V[A] (see 4.2), and that
the Poisson measure 7 induces a product measure ﬂ;\\G X WX on ./\/[AC] x NTA].
PR Laia1 () ®) = [ Laia ) - B(0) (e g x A)(dn) (159)
= // Lia ¢ (18) - 2(n,0m8) 8¢ g (dng)mA (dna) (160)
= /1/\?[A|5] (nA) - q’(fAGWA) 7"1>§(d77A) (161)
= // Laa g1 (npoma) - @(€x0ma) ™3 (dnyg) 7R (dna) (162)
S AU SERCOR (163)
Therefore, we can write
. /1;([1\\5](77) - B (Egyana) T (dn)
(Py @) (&) = (164)

/1X[A\§] (n) 7 (dn)
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8.6

Recall that the projection & — &, is continuous at w, because w has no particle on the boundary of
A (see 4.3). For every n € N, the concatenation & +— €zmp is also clearly continuous. Therefore,
& = ®(€x\ana) is continuous at w. Below, we shall verify that { — 1x[r|¢(n) is also continuous
at w for 7 -almost every 7. If so, it follows, using the dominated convergence theorem, that for
every sequence £!,£2,... converging to w, it holds (P\"*®)(¢") — (Py"*®)(w) as n — co. That
is, PXV’)‘Q) is continuous at w.

We now verify that for 7*-almost every 7, the mapping & — 1x[a|¢)(n) is continuous at w. In
fact, £ = 1x(a|¢(n) is continuous at w if for every particle a of wi\a, the configuration 7, has no

particle on the boundary of W (a).

Argument. First, suppose that n € X[A |w]. Then, there is a number § > 0 such that for every particle a of
wi\ A and every particle b of 7y, W (a) and b have distance at least §. Pick a compact set C' D Ns(W (A)).
Then, for every configuration £ € [w]c,s, we have n € X[A|&]. That is because for every particle a’ of
Ek\a with W(a’) N A # @, there is a particle a of wg\a that has has distance less than § from a’, and
every particle of np has distance at least ¢ from VV(a).

Next, suppose that n ¢ X[A|w]. Then, there is a particle a of wg\a and every particle b of no such

that b is in the interior of W(a), Therefore, there is a number § > 0 such that for every point a’ that has
distance less than ¢ from a, we have b € W (a'). Picking again a compact set C' D Ns(W (A)), for every
¢ € [w]e,s we have n ¢ X[A|€].

Under the hypothesis A(8WW (a)) = 0, the set of configurations 7 satisfying the above condition has
probability 1 w.r.t. the Poisson measure 7.

Argument. We use the random variables used in the construction of the Poisson measure (see 6.2). Namely,
let

N:Q—>N
a0 —-K  (i=12,...)

be independent random variables on a suitable probability space (€2, &, Pr), where N has Poisson distri-

bution with intensity A(A) and each a’ has distribution X £ A;'&/)\). (If A(A) = 0, the distribution of a’

could be chosen arbitrarily.) The random configuration n, = 2?:1 04: has distribution 7r/>§. Let ¢ be a
particle of wg\A- For every n €N,

n
Pr{n,(0W(a)) >0|N=n} <> Pr{a’ € 0W(c)} =0.
i=1
It follows that with probability 1, 17, has no particle that is on the boundary of the exclusion volume of
a particle of wyy4-

O

Existence via compactness. Let W C K be a bounded open set with 0 € W. Then, the set Xy
of valid configurations of hard-core particles with van der Waals volume W is compact (see 8.1).
Let A be a Radon measure on K. The hard-core specification P"+* has at least one Gibbs measure.

Argument. The set of probability measures on N[K] that are supported at Xy, is compact. This follows,
for example, from Prohorov’s theorem (see 5.4).

Let w be an arbitrary element of Xy,. Then, for every bounded A C K, P/‘\/V’>‘(w7 -) is a probability
measure supported at Xy. Let A1 C A2 C --- be a chain of bounded open sets with |J,, An = K. Then,

the sequence {PK’)‘(W, )}n has a convergent subsequence. Since PW:A is an almost Feller specification
(see 8.3), the limit of such a subsequence is a Gibbs measure for P (see 7.4).
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8.7 Existence via domination by Poisson. The existence of hard-core Gibbs measures for arbi-

trary (bounded measurable) van der Waals volume W C K also follows from the fact that the
hard-core distributions are dominated by the Poisson measures.

As before (see 3.2 and 6.3) let us order N'[K] by writing £ < £’ if every particle in £ is present in &'.
This induces a partial ordering < on the space of probability measures P[N[K]] (the domination
ordering): m X 7' if m(€) < 7'(€) for every increasing event £ C NK]. A probability measure 7 is
positively correlated if and only if for every decreasing event £ with w(€) > 0 it holds 7(- |€) < 7.

Let A be a Radon measure on K that is absolutely continuous with respect to the Lebesgue
measure. Recall that the Poisson measure 7 is positively correlated (see 6.3).

Let W C K be a bounded measurable set with 0 € W. Clearly, for every bounded measurable
A C K, the set Xy [A |w] of configurations that are valid (for the hard-core model) in A and compat-
ible with the boundary condition w is decreasing. (Removing a particle from a valid configuration
does not make it invalid.) Therefore, 7* (- | Xy [A |w]) is dominated by 7.

Let P = [P{]aces denote the Poisson specification (see 7.3), and PWA = [PXV’)‘]AEg the hard-
core specification (see 8.3). Then, for every configuration w and every increasing event A € .F[A],
it holds PXV’A(w,A) < PR(w, A).

Let w be an arbitrary configuration. Let A1 C As C --- be a chain of bounded open sets with
U, An = K. Since the sequence {P} (w,)}n is convergent (the limit is the Poisson measure ),
we have (see 5.4)

lim limsup PR (w,{€:&(B) >t}) =0

t—oo

for every bounded measurable B C K. (This can also be seen by calculation.) Since {{ : £(B) > t}
is an increasing event, and is in .F#[A] for all A D B, we have

PN w {€: 6(B) > 1}) < PR(w, {£: €(B) > t}) .
for all A O B. Therefore, for every bounded measurable B C K, it also holds

lim lim sup PXZ’)‘ (w,{€:&(B) >t})=0.

t—=00 n_oo

This implies that the sequence {PX‘:’/\(w, -)}n has a convergent subsequence (see 5.4). The limit of
such subsequence is a Gibbs measure for P"-* (see 7.4).

Appendix

Stone-Weierstrass theorem on metric spaces. (Problem 44A of [16], or [12])

Let X be a metric space. Let BC(X) denote the set of bounded continuous functions ¢ : X — R.
Let FF C BC(X) be a subalgebra (i.e., a linear subspace that is also closed under multiplication).
Then, F' coincides with BC(X) if and only if

i) F is closed (w.r.t. the topology of the uniform norm),
ii) F contains the constant functions, and

iii) F separates closed sets in X (i.e., for every two disjoint closed sets A, B C X, there is p € F
with ¢(A) N p(B) = ).
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K

B List of Symbols

The space where particles live. A locally compact complete separable metric space.
From some point on it is assumed to be R

The family of bounded measurable subsets of K.
Typical particle configuration on K.

Typical random particle configuration on K.

The space of particle configurations on K.

The space of particle configurations supported at A.
Typical Radon measure on K.

The space of Radon measures on K.

The Borel o-algebra on M[K] or N[K].

The sub-o-algebra of events occurring at A.

The space of Borel probability measures on M[K].
The space of Borel probability measures on N[K].

(if W C K bounded measurable) the W-neighbourhood of a: the set of points a + b,
where b e W.

(if W C K bounded measurable) the set of points b where a € W (b).

(if W C K bounded measurable and A C K) the W-neighbourhood of A: the set of
points a + b, where a € A and b € W.

The set of continuous functions f : K — R.

The set of compactly supported continuous functions f : K — R.
The set of bounded continuous functions f : K — R.

The e-ball around a.

The intensity measure of the Poisson process or the fugacity measure of gas. A
Radon measure on K (e.g., a multiple of the Lebesgue measure if K = R?).

The Poisson measure with intensity A on N[K].
The Poisson specification with intensity .
Dirac measure concentrated at w.

The set of particle species (e.g., the thin rod in d different directions).
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